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We present several partial results, variants, and consistency results concerning the follow-
ing (as yet unsolved) conjecture. If X is a graph on the ground set V' with Chr(X)=2x;
then X has an edge coloring F' with X; colors such that if V' is decomposed into R parts
then there is one in which F' assumes all values.

In this paper we consider a somewhat technical statement on uncount-
ably chromatic graphs. In order to formulate our results we let P(X,\, k)
denote that X is a graph on some vertex set V and there is a function
F: X — X with the property that whenever V =J{V;:i<pu} is a decompo-
sition of the vertex set into u < k parts then there exist some i < u that F
assumes every value on X N[V;]2. Q(k) is the abbreviation of the statement
that P(X,k, ) holds for every graph X with chromatic number . This con-
cept, which is interesting on its own right, arises naturally when one wants
to construct large chromatic triple systems avoiding certain predetermined
finite configurations. This is the reason why it was introduced and investi-
gated in [1] where considerable efforts were made to describe those triple
systems appearing in every uncountably chromatic triple system. The au-
thors of [1] observed with surprise that they could not prove Q(X;) even for
the complete graph on Ny vertices (in ZFC). This was proved years later
by Todorcevi¢ and his idea eventually led him to prove his famous result;
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wi 7 [w1]?, (see [8]). Although it seems very hard to establish Q(R;) even
for very simple graphs all evidence suggests that it is just true in ZFC. Un-
able to prove this conjecture in general, in this paper we prove some weaker
results concerning it.

First we show that if k<" =k and a Cohen subset is added to x then, in
the resulting model, Q(x™) holds (Theorem 1). If, for some r, more than x
Cohen subsets are added to u, then, in the resulting model for every graph X
of cardinal x with chromatic number greater than p P(X,u,Chr(X)) holds
(Theorem 2). These results do not yet give the consistency of P(X,k,x) for
strongly inaccessible k. In Theorem 3 we prove that this is consistent, at
least, for a wide class of graphs.

Next we prove Q(R1) for graphs of size Ry if the principle {* holds. In fact
we prove the stronger statement that if X is an uncountably chromatic graph
on wy then there is a coloring F': X — w; of the edge set that if A Cwy induces
an uncountably chromatic subgraph on X then F' assumes every value on
A. We also give the consistency of the negation of this latter statement.
Unfortunately, our method does not give a proof of the independence of
Q(RNy). It is however, consistent (from a measurable cardinal) that for some
weakly inaccessible x there is X, a graph on s with chromatic number &
such that whenever F': X — w; is an edge-coloring, then there is a countable
decomposition kK = Vo U Vi3 U -+ of the vertices with all V; inducing just
countably many colors (Theorem 6).

Although we have not been able to show that Q(X;) holds we prove a
result which is equally useful for the construction of large chromatic triple
systems avoiding some finite substructures. Namely, we prove (Theorem 7)
that for every uncountably chromatic graph X and cardinal 7 there is a
graph Y with an edge-coloring of 7 colors, such that when the vertices of Y’
are colored with less than Chr(X) colors, then, in some color class, all edge-
colors occur, and Y has the same collection of finite induced subgraphs as
X, in short, FS(Y)=FS(X). We notice that not much is known about the
collections of finite subgraphs which occur as FS(X) for some x-chromatic
graph X (where k> w). It is not known, e.g, that the answer is indepen-
dent of k (Taylor’s conjecture). (We notice that since the submission of the
manuscript Komjath, using a model of Shelah proved the independence of
Taylor’s conjecture).

Further, we show that if A is a singular cardinal, ;4 < A then there is
a coloring F': [A\*]? — p with the property that if AT is decomposed into
A parts then in one of them F assumes all values (that is, P([A\T]%,u,AT)
holds for every pu<A).
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Although—as we mentioned—it is not too easy to prove Q(X;) for the
complete graph on ¥y vertices, assuming the Continuum Hypothesis one can
show this via the usual diagonal argument. This can easily been transformed
into a proof that there is a coloring [2¢]? with countably many colors such
that if 2 is decomposed into countably many parts, one of them gets all the
colors. In our last Theorem we generalize this for the shift-graphs, we prove
that P(Sh,(exp,,(k)),k,x") holds if 2<n<w and & is an infinite cardinal.

Acknowledgment. Our thanks go to the referee whose remarks and sug-
gestions have greatly improved the exposition.

Definitions. Notation. We follow the established axiomatic set theory
convention on notation and notions. If x is an infinite cardinal then expy(k)=
K, and exp,, ;1 (k) =2Pn(%) for n=0,....

If S is a set, x a cardinal then we let

[S]f={z CS:|z|=kr},[S]"={xCS:|z| <k}

A graph is a pair (V,X) where V is some set (the set of vertices) and
X C[V]? (the set of edges). We sometimes just write X rather than (V,X).
If (V,X) is a graph then ACV is independent iff XN[A]?=0. If (V,X) is a
graph ACV then (A, XN[A]?) is the restriction of X to A, denoted by X|A.
Graphs obtained by restriction are the induced subgraphs of (V,X). For a
graph X let FS(X) denote the set of all finite induced subgraphs of X.

The chromatic number of a graph = (V,X), Chr(V,X) is the minimal
cardinal p for which there is a function f:V — u with the property that
f(z)# f(y) holds whenever x and y are joined in (V, X).

For 2<n<w, A >w the n-shift graph on A, Sh,(X) is the following. Its
vertex set is [A\]"”, and the edges are of the pairs of the form

Hzoy -y xpna1 b {x1, ..., 20 }}

where zg <z < <z, <A In [2] it is shown that Chr(Sh,+1(M\)) < & iff
A<exp,, (k).

P(X,\, k) denotes the following statement. X is a graph on some vertex
set V and there is a function F': X — A\ with the following property. Whenever
V=U{Vi:i<u} is a decomposition of the vertex set into < k parts then
there exist some i <y that F assumes every value on X N[V;]%.

Q(k) is the abbreviation of the statement that P(X,k,x) holds for every
graph (V,X) with Chr(V,X)=x.

Theorem 1. Assume that k<" = k. If we add a Cohen-generic subset to k
then, in the resulting model, Q(x™) holds.
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Proof. We force with the following partial ordering. p € P iff p is a function,
Dom(p) € k (so Dom(p) is an initial segment of the ordered set x), Ran(p) C k.
p<q iff p extends gq.

Clearly, forcing with (P, <) adds a function G:k— k. We notice that for
every formula ¢ of the forcing language which is true in the generic model
V[G] there is a unique shortest condition p € G which forces .

We fix the functions {f, : k¥ — ",y < k} with the property that for
a<rk® we have a C{f,(a):v<k}.

Assume that X is a graph in V|[G] with chromatic number x*. We can
assume that there is a cardinal A such that 1 forces that the vertex set of X
is A and also that A={J{A,:a<rkT} where every set A, is independent.

We define F': X — kT as follows. Assume that {z,y} € X, z€ Ag, y€ A,
for some B <a. There is a 7 <k such that f=f,(«).

Let 6 >~ be minimal that G|¢ forces z € Ag, y € A,, and {z,y} € X.
Assume that 7=G(9). Set F(x,y) = f-(a).

In order to show Q(x") assume that 1 forces that A is decomposed as

)\:U{Bi:i</{}.

For every x <\ there are p(r) € G and i(z) < such that p(v) |z € Bj,).
The mapping z+ (p(z),i(z)) is a k-coloration of A, in V[G]. As Chr(X)=x"
there is some pair (p,i) such that the set

L={x<X:p(x)=p,i(x) =1}

is kT-chromatic. We claim that F assumes every value on B;. Let £ <x™ be
arbitrary. As L is kT-chromatic there is some o >¢ such that the set

K={f<a:3zeAgnL,Iyec A, NL {z,y} € X}

has cardinal k. Assume that v=Dom(p) and pick an element § € K with
B= fs(c) for some 6 >. Select also x € AgNL, y € A,NL with {z,y} € X. Let
p' € G be the shortest condition with Dom(p’) > ¢, forcing x € Ag, y € Aq, and
{z,y} € X. If Dom(p') =¢’, then we can set p” <p’ where Dom(p”)=¢+1
and p”(8") =7, here 7 < k is an ordinal for which f.(a)=¢ holds. Now p”
forces that F(x,y)=¢. |

Theorem 2. (u = p~H) If more than k pu-Cohen sets are added, then in
the resulting model the following is true. If X is a T-chromatic graph on k,
T>p, then P(X,u,7) holds.
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Proof. Let P be the forcing notion that adds A >« p-Cohen sets. That is,
p€E P iff p is a function, Dom(p) € [A]<#, Ran(p) C u. p<q holds if pDgq. Let
X be a graph as described in the statement of the Theorem. We can assume,
with no harm, that X €V (the ground model), and that 2# >k holds in V.
Let m: X — k be a bijection between the edges of X and . The forcing P
adds a generic function G:k— pu. We set F'(e)=G(w(e)) for e€ X. We show
that this F establishes P(X,u,7) in V.

Assume the contrary, that is that in V' the following holds. There is a
decomposition k= J{V; :i < ¢} with ¢ < u and some values j(i) < p (for
i< ) such that F misses j(i) on X N[V;]2.

Select, for each o < x a condition p, € P determining an ¢ with a € V;
and the value of j(i),

Pa|— @ € Vi(a), j(i) = k(a)

for some i(a) < and k(o) <p.

We now define a set mapping on k. For a <k let f€ g(«) whenever f#«
and there is some e € X with 3 € e, m(e) € Dom(p,). Clearly, |g(a)| < p .
By Fodor’s set mapping theorem (see e.g., in [4]) k can be decomposed into
the union of p free sets, that is, with a ¢ g((3) if o, B are in the same set.
We also notice that as k < 2# the system {p,:a <k} is p-centered. With
these in mind, we can define a decomposition k= J{W¢:& < ¢} such that
for o, € We we have i(a) = i(3), k(a) = k(B), B ¢ g(a), and pa, ps are
compatible.

As Chr(X) > ¢ holds, there are some «a,3 € W which are joined. Now
Pal—a€Vi,j(i)=Fk and pg|— BE€V;,j(i) =Fk for some i, k. Let e={a, 8} €
X. As m(e) ¢ Dom(p,)UDom(pg) and p,, ps are compatible, there is some
q<pa,ps with g(m(e)) =k, that is, forcing F(e)=k, a contradiction. |

Theorem 3. (GCH) If k is strongly inaccessible and more than x Cohen-
subsets are added to k then the following will be true in the resulting model.
Let X be a k-chromatic graph on k for which sup{Chr(X|a):a <k} < k.
Then P(X,k,k) holds.

Proof. We can assume, with no loss of generality, that X is in V, the
ground model, and we add just one Cohen-generic function, G : k — k. Fix
, in V', a bijection 7: X — k and define the edge coloring of X, in V[G] as
F(e)=G(m(e)). We show that this F' witnesses that P(X,x,x) holds. By a
theorem of Shelah’s (see [6]) there is a function f:x— k with a < f(a) for
a < K such that whenever C'Ck is a closed, unbounded set then X restricted
to U{[a, f(a)) : « € C} is k-chromatic. Fix such an f. Let D be a closed,
unbounded set such that o <ye€ D implies that f(a)<~.
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Let Y be the following subgraph of X: for {z,y} € X, = <y, the edge
{z,y} is in Y if and only if it is separated by some element of D. By our
assumption, the graph X —Y is the vertex disjoint union of graphs with
chromatic numbers bounded below r, therefore Chr(Y)=x.

Assume that some condition p forces that a function h: k — u gives a
decomposition witnessing the failure of F' for P(X,k, k), that is, if ¢ < pu,
then some j(i) < is not in the range of F' restricted to [h=1(i)]%. We can
as well assume that p determines p and the values j(7).

By transfinite recursion on o < k define the decreasing, continuous
sequence of conditions {p, : @ < k} with the following properties. Set
Yo =Dom(p, ). Set pg=p. Given p, choose p,+1 <p, in such a way that if
Y<Ya <2< f(Va); Pal—h(y)=1, and 7({y,x}) >~, then

Pa+1 ||— F(y,x) = ](l)

(clearly we can achieve this) and p,i; determines h in the interval
Yo, f(Va)-

Having finished the construction of the sequence {p,:a <k} let C C D
be a closed, unbounded sequence that a=+, holds for a€C.

By the property of function f there is an a € C such that h(y)=h(z)=i
holds for some y < o < x < f(a) and pa+1 |— F(y,z) = j(i) which is a
contradiction. |

Theorem 4. ($F) If X is a graph on wy with Chr(X) =2 then there is
a function F': X — wy with the property that if A Cw, induces a subgraph
with uncountable chromatic number then F assumes every value on XN[A]?.
(So P(X,w1,w;) holds.)

Proof. By ¢ there are sets {Sq,,,: v <wy,n <w} such that if ACw; then
there is a closed unbounded set C' C wy with the property that for every
v€C there is an n<w with ANy=S, ,.

Using this system we are going to define the required function F. At step
a we color the edges of X going down from «. Consider for § <o, n <w
those sets

Tgpn ={x € Ss,:{z,a} € X}
which are infinite. By a diagonal argument we can define the values
{F(z,a) :z < a,{z,a} € X}

in such a way that
{Flr,a) iz €Tgn}t =«



SOME REMARKS ON THE SIMULTANEOUS CHROMATIC NUMBER 95

always holds whenever Tj,, is infinite.

In order to show that this is a good coloring assume that A Cwy is a
subset that misses a certain color £. Let C Cwy be a closed, unbounded set
as in the statement of T, for the set A. Assume that o € A, o > &, and
v < a <~ where v, 7/ are two successive elements of C. For some n < w,
AN~y =S5, ,. The fact that no edge of X N[A]? gets color ¢ implies (by the
construction) that only finitely many edges go from o to Sy, = AN~y. In
other words, C' splits wy into countable sets such that from each point in
A only finitely many edges go into the union of the previous sets. But this
implies that the chromatic number of X N[A]? is countable. |

We prove the independence of this latter statement.

Theorem 5. It is consistent that 2% =X, and there is a graph X on w; with
Chr(X) =Xy and for every function F': X — 2 there is some N;-chromatic
ACwy where F' assumes only one value.

Proof. We show that a graph X on w; can exist which is uncountably
chromatic on every stationary set and if F': X — 2 then there is some
stationary A Cwj on which F is constant. This clearly suffices.

Let V be a model of the continuum hypothesis in which {7, :a<ws} are
stationary sets in w; with pairwise countable intersection. (For example, {
implies the existence of sets like these.)

We define a ccc iterated notion of forcing of length ws. In step 0 we add
a graph on wy with finite conditions, this will be X. In more details, ¢ € Qq
iff ¢ is of the form ¢= (s, g) where s € [w;]<* and gC[s]?, that is, ¢ is a graph
on the finite set 5. ¢’ =(s",¢9') <q=(s,9) iff 8 Ds and g=g¢'N[s]%.

If Gy C Qo is a generic subset then we let X = (J{g: (s,9) € Go} be
the generic graph. We are going to construct a finite support iteration of
length we. Assume that we arrived at stage o < ws. Consider a function
Fy: X —{0,1}. We set i, =0 or 1 according to if there is a stationary subset
T’ of T,, on which F, only assumes the value 0. If i, =0 we let T/, be such a
set. If io, =1 we set T, =U{p({a}):p€G}. If i, =0 we do nothing, i.e., Q, is
the trivial forcing. If i, =1 we force with the finite, homogeneous, 1-colored
sets, i.e., € Qq iff ¢€[T,]<¥, and F,(z,y)=1 holds for {z,y} € X N[g]>.

As we indicated above P,+1 = P,*Q, and we use direct limits at limit
steps. For p€ P,, let supp(p) be the support of p, that is, <« is in it unless
p|B|—p(B)=1. supp(p) is always a finite subset of c.

We call a condition p € P, determined iff for every [ e€supp(p), >0, p|g
determines the values of ig, p(f), and if ig =1, p(0) = (s,g) then p(B) Cs
holds. Let D, denote the set of determined conditions.

Lemma 1. For every a<ws D, is dense in P,.
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Proof. By induction on a. The cases when o = 0 or limit are obvious.
Assume that (p,q) € Pat1 = Pa*Qq4. Choose p’ <p that determines i, and
the finite set ¢. Extend p’ to p” € D,, (possible by the inductive hypothesis).
Finally, extend p” further to r such that the vertex set of the graph r(0)
should include ¢. Then (r,q) <(p,q) is in Dgy1. |

Lemma 2. For every a<ws P, is ccc.

Proof. Assume that p¢ € P, for { <w;. By the previous Lemma p¢ € D,
can be assumed. By the A-system lemma and the pigeon-hole principle
we can assume that the supports form a A-system; supp(pe) = BU Ag,
B={B1,....0u}, pe(0) = (sUs¢,ge) with geN[s]* independent of &, and we
can even assume that for any 1<j<n the sets p¢(;)Ns are the same. Now
select £#¢&'. Define q as follows. supp(q) = BUA¢UAg. q(0) = (sUs¢User, gelUger)
and for 0<vy<a«

per(7) (v € Ag)
pe(7) Upe(v) (v € B —{0}).

It is easy to see that ¢ is a condition and it is a common extension of pe and
Der- |

Standard arguments with CH and the above Lemma give that with an
appropriate bookkeeping we can make sure that in V2 the sequence {F,:
a <wsy} enumerates all functions from X to {0,1}. Also, if i, =0 for some
a<ws then T/, will stay stationary in the final model.

pe() (v € A¢)
q(v) =

Lemma 3. For a<ws, T), is stationary.

Proof. By ccc, it suffices to show that 7.NC'#0 for every closed, unbounded
subset C'C wy which is an element of V. Assume that (p,q) € Day1 and p
forces i, = 1. If p(0) = (s,g) select £ € (CNT,)—s, and extend p to p’ by
setting /(0) = (sU{€},9), p/(8)=p(B) for 0< < a, and ¢’ =qU {¢}. Then
clearly (p',q')<(p,q) forces €T, NC. |

Lemma 4. In V2 X has an edge in every stationary set.

Proof. Assume that 1| S is stationary. Then there is a stationary set S
and there are conditions {p¢:£€ S} such that pe [[—E&€S.

By repeated applications of the pressing down lemma we can assume that
the following hold. For £ € S supp(pe) = BUAg, a A-system. pe(0) = (sUs¢, g¢)
with £ € s¢ and geN[s]2=yg for some gC [s]?. For B€ B—{0} the coordinates
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pe(f) again form a A-system; pe(3) = qgUqe(5). As the sets {Th, : v <wy}
are almost disjoint we can further assume that SN73 =0 holds for all but
at most one f€ B—{0}.

Assume that there is such an exceptional 3 and indeed S CT}p (the other
case is simpler).

Assume first that there are £ # 7 in S such that p(£,n) does not force
F3(€,m)=0 where p(&,n) € Pg is the following condition.

]_?(5,17)(0) = (S U S¢ U Sny ge Ugn U {{5777}})
and for 0<y<

pe(7) (v € A¢N )
ﬂ&nﬂvw—{pdv) (ye A,Nnp)
pe(7) Upy(v) (v € (BN B) —{0}).

Notice that p(£,n) is indeed a condition as no coordinate 0 <~y < f of it
contains both & and 7 (if v€ A¢ then p(£,7)(v) may only contain &if y€ A,
then p(&,n)(y) may only contain 7, and if v € B then p(£,n)(y) contains
neither).

Now extend p to p€ Pg such that p|— F(&,n7)=1. And finally consider
p* where p*|f=p, and otherwise

pe(7) (v € Ac — B)
zﬂﬂ-{m@) (v € Ay = B)
pe(7) Upy(v) (v € B—0).

Once again, p* is a condition (as we arranged things just right at the
critical coordinate () and forces an edge of X (namely {£,n}) in S.

Assume finally that whenever {#n are in S then p(&,n) |— Fs(&,m)=0.
Set p’g = p¢|B. Define p € Pg as follows. supp(p) = BN, p(0) = (s,9) and
p(v) =gy for y€(BNG)—{0}. Notice that p; <p for every {€ S and if p'<p
then p’ is compatible with all but finitely many pg.

We claim that p|—ig = 0. Let Gg be a generic set with p € Gg and
define U={¢: p’£ €Gp}. We show that U witnesses that ig=0. Indeed, if plg,
Py, € Gg and {£,n} € X then p(&,n) € Gg and so we have that F'(§,n) =0 as
claimed. To show that U is stationary assume that p’ <p and C' is closed,
unbounded. By our above remarks there is some £ € CNS such that p’ and
p’g are compatible. We therefore proved that p forces that Qg is the trivial
forcing. In this case for any £#n in S we can take p(£,n), it forces an edge
of X in S and we are done. ]

As Lemma 4 implies that X is uncountably chromatic on every stationary
set we are finished. ]
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Theorem 6. If the existence of a measurable cardinal is consistent then
it is consistent that for some inaccessible k there is a graph X on k with
Chr(X)=rk and if F': X —w; then there is some countably chromatic ACk
such that

sup{F'(z,y) 1 x,y ¢ A} <wr.
Proof. We borrow the model of [5]. Let V' be a model in which « is a
measurable cardinal, I a k-complete, normal ideal on k.

First we add a graph on k with finite conditions. That is, p€ P iff p is of
the form p= (s,g) where s € [s]<%, g C[s]%. p'=(s/,¢') <p=(s,9) iff s D5
and g=g'N[s]?. If GC P is a generic filter, set X ={J{g:(s,9)€G}.

In the next step, for every A€ I (if A is infinite) we force with the forcing
notion @ 4 which makes X countably chromatic on A. That is, Q4 is defined
in V7 as follows. f€ Q4 iff fis a function, Dom(f)€[A]<“, and {z,y} € X
implies f(x)# f(y). f'<f iff f" extends f.

Let @ be the finite support product of these notions of forcing. Our final
model is V7*@ . In [5] it is shown that PxQ is ccc, in V7*@ Chr(X)=# yet
X is countably chromatic on every A€ 1.

It is now easy to deduce the property described in the Theorem. Assume
that 1|F— F: X — w;. By ccc, there is in V a function H : []? — w; that
1—F(&,n) < H(E,n) for € <n< k. By the Rowbottom partition theorem
there is some A€ I such that H is bounded off A, and we are done as X is
countably chromatic on A. ]

We recall that FS(X) denotes the set of all finite induced subgraphs of
X.

Theorem 7. If Chr(X) =k > w, 7 is a cardinal then there is a graph Y
such that FS(Y)=FS(X) and P(Y,T,x) hold.

Proof. We first consider the case when & is successor, k= pu™*. First we are
going to create a Y as required with the weaker property FS(Y) CFS(X).
We can assume that A= |V(X)| is minimal, i.e., if X’ C X has |[V(X')| <A
then Chr(X’) < k.

Decompose V(X)) as the increasing, continuous union of elementary sub-
models of smaller cardinality, V(X)=U{V,:a <A}, |V4| <. Assume, for
simplicity’s sake, that Vo=0, V(X) =\, and each V,, is an ordinal, V, =4,
(so 9p=0).

Assume that s is a finite subset of &, more exactly, s=s"U---Us* with
8" C[0i,6i41)-

Set Z=X|s. Let n>1 be a natural number. We are going to define Z",
the class of some duplications of Z. Let the finite sets

-0 =1 —k . : ;
{3 38y Shre 0 S g1 0k S n}



SOME REMARKS ON THE SIMULTANEOUS CHROMATIC NUMBER 99

be pairwise disjoint. Assume that they possess the bijections m;,...;. : 8" —

85,4, A graph Z'isin Z™ iff mj,...;, is an isomorphism between Z|s" and
Z'[s},...;,, moreover, if ' <7, 2’ € s", x € s", then {2/,2} € Z holds iff

{7y (@), mjg, ()} EZ'

That is, Z’ is determined by Z inside the classes §§1,,,jr and between two
such classes one of whose index string extends the other, otherwise, for the
“crossing” edges we impose no restriction.

Lemma 5. There exists a Z'€ Z™ with FS(Z') CFS(X).

Proof. We have to show that there is some Z’€ Z™ in X. Our main concern
is the disjointness proviso. Set |s"|=m, —m,_1 (with m_; =0). Enumerate
s" as s" = {a; : my_1 <i < m,}. Let the formula ¢(z1,...,2,) describe
the graph X|s on the first order theory of graphs, i.e., for i <j it contains
either the statement that {x;,z;} is an edge, or the statement that it is
not, according to if {a;,a;} € X. We contract the string @, _,41---Zpm, of
variables as T, so that ¢(z1,...,2,,) becomes ¢(To,...,Ty). It suffices to
show that for every natural number N

Jzo T - - H*Tkgo(fo, ey Tk)

is true in X where 3* stands for “there exist N pairwise disjoint”.
For 0<i<k let ¢;(To,...,T;) denote the formula

EI*fiJrl T El*fk(p(f(b ce 7Tk)‘

We are going to prove by reverse induction that X satisfies ¢;(@o,...,a;) for
0<¢<k. This gives the required result for ¢ =0. For ¢=Fk this is true, as it
is just ¢(@o,...,ar). Assume that we have established ¢;1(ao,...,@;+1) yet
vi(@o,...,a;) is false. That is, although we have ¢;11(@p,...,a;+1) there are
no N pairwise disjoint sets b with ;1(@o,...,a;,b). This implies that there
is a finite set 7" such that if ¢;,1(d@o,...,a;,b) holds then b has a nonempty
intersection with 7, so, as s°U---Us’ C ;41 there is such a T in ;1 but this
contradicts that st Nd; . =0. ]

We are now going to construct a class Z of graphs. Set § =7*. Assume
that the sets {Wga :g:a—0,a< A} are mutually disjoint, and we have the
bijections 7' : [0a;s0a+1) — Wg'. Every graph Y € Z will have its vertex set
W= U{Wgo‘ :g:a—0,a< \}. We require that Ty be an isomorphism between
X|[0a,0a+1) and Y[W¥, and moreover, if o/ <a, g:a—0, g'=g|a’, then for

' €[00, 00/+1), TE [0a,da+1), {2',2} € X holds iff {71";,, (z'), 7 (z) Y.

Lemma 6. There is some Y € Z with FS(Y) CFS(X).
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Proof. By Lemma 5, for every finite S C W there is a graph which is the
restriction of some Y € Z to S and is an induced subgraph of X. Now the
Rado selection principle (i.e., compactness) gives the result. |

Lemma 7. If Y € Z then P(Y,,k) holds.

Proof. Assume that Y € Z. We define a partial coloring F':Y — 7 as follows.
For every a < A, g:aa — 6, set Ty, = U{Wgﬁw : < a}, and make sure that

for every function f:7T, — 7 there is some extension ¢’ : a«+1— 6 of g,
such that the following holds: if z €T}, y € Wgof , then, whenever {z,y} €Y,
then F'({z,y}) = f(z). This can be done, as the number of these possible
functions f:T, — 7 is at most ™ =0.

We claim that this (partial) coloring witnesses P(Y,T,k). Indeed, assume
that W = |U{W; :i < u} is a decomposition such that F' does not assume
some value j(i) <7 on Y|W;. Choose a function ¢g: A\ — 6 with the property
that if o/ <a< ), 2’ € Wgo“;,, x € Wy, then, if W;, then F({z',z}) =7(7)
holds. Such a function g exists, by our construction of F.

Now Y restricted to U{Wgo“a:a<)\} is isomorphic to X, a pT-chromatic

graph. All subgraphs of the form Y\W;“a have chromatic number at most .

Y must have, therefore, an edge {2/,2} with 2’ € gofla,, zeWa,. o <a<,
and that 2/, x € W; for some i < p1, but this is a contradiction, as F({z',z})
gets the forbidden value, j(1). |

To show the result for arbitrary x we proceed by induction on k. Again,
let X be a graph with Chr(X) =k, and A = |X| be minimal. As before,
consider a filtration into elementary submodels V(X )={V,:a <A} of X.
This splits the (edges of) X into two parts: if X = XN[Vay1—Va]? for a<),
then let X' =J{Xn:a <A} and X" =X — X', If Chr(X") =k, we proceed,
as in the successor case. If Chr(X"”) <k, then we clearly have Chr(X')=x.
As we have k, = Chr(X,) < k for every o < k, this can only mean that
sup{kq: <A} =k. Remove those V, with k., <w and Vj in any case.

Then, for the remaining o < A\ we can get a graph Z, with P(Z,,T,kq)
and FS(Z,) CFS(X,). Again, Rado’s selection principle gives that the vertex
disjoint union of these graphs can be extended (via crossing edges) to a graph
Y with FS(Y) CFS(X) and clearly P(Y,7,x) holds.

So far we have proved that if Chr(X)=x>w and 7 is arbitrary then there
is a graph Y with P(Y,7,x) and FS(Y) CFS(X). To achieve equality in the
latter set inequality we proceed as follows. Let V/ CV =V (X) be a countable
elementary submodel, V=V -V’ X" = X|V". Notice that Chr(X") = k.
By the above, there is, on some set W disjoint from V', a graph Y with
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P(Y,7,k) and FS(Y) C FS(X"”). Again, we can argue, using elementarity,
and the Rado selection principle that there is a graph Z on V UW that
restrict to Y and X on W and V, respectively, with FS(Z) CFS(X). As X
itself is an induced subgraph of Z we must have equality here. ]

In the last part of the paper we prove property P for some well-known
graph constructions.

Theorem 8. (a) If  is an inaccessible cardinal or the successor of a regular
cardinal then P([x]? k,x) holds.
(b) If X is a singular cardinal, then P([A\*]?,u,A*) holds for every u<A.

Proof. (a) The statement P([xT]?,x*,xT) for s regular is a special case of
Todorcevié’s result ([8]).

This easily implies the other claim; one can take F : [k]?> — & in such a
way that if 4 <k is regular then the restriction of F' to the pairs in [u,u™)
witnesses P([u*])?,u™,uT). Assume that k=J{A.:e <7} is some partition
of k into 7 <k parts. By assumption, for every 7 <pu <k, p regular, there is
some £(u) <7 that F assumes every ordinal <put on AN [, ™). As K is
regular, there is some € <7 that {u<k:e(u)=c} is unbounded. But then,
F assumes every ordinal below k on A..

(b) We can as well assume that p>w is regular. Let

{Co i < AT cf(a) = pu}

be a club guessing sequence. Spelled out, this means that C, C« is a closed,
unbounded subset of « of order type p and if EC A7 is a closed, unbounded
set then there is some « with C, C E. (The existence of this system is a
result of Shelah, see [7], p. 132.) Assume that the increasing enumeration of
Cy is Co={c?:i< p}. Define F:[A\*]? — p in such a way that F(z,a)=1i
holds for ¢ <z < ¢, ;. We show that F witnesses P([A*]%, u,AT). Assume
it does not and that A* = [J{A. : € < A} is some decomposition with F
omitting the color i(e) < g on A.. Define T = {e < X :sup(4.) < A\T}. Let
£ <AT be large enough to be an upper bound for every sup(A.) (¢€T). Let
EC)T be a closed, unbounded set with min(F) > ¢ and with the property
that if [y,7') is a complementary interval of E then [y,7")N A, #0 holds for
every ¢ T. (The existence of E easily follows from closure arguments.) By
assumption, there is some a with C,, C E. We show that no A, can include
a. Well, as £ <min(F) <min(A.), surely o cannot be an element of an A,
with e €T. Assume that o€ A. with some e¢T. Set i=i(c). As e¢ T, there
is some cf <z <cf,; with z€ A.. But then, by our construction, F(z,a)=1,
a contradiction. |
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Theorem 9. P(Sh,(exp,,(k)),k,x") holds if 2<n <w and & is an infinite
cardinal.

Proof. By cardinal considerations it is possible to define a function
F: [exp, ()] — &

with the property that whenever X C exp,(k), |X| < exp,,_;(k), and h :
[X]™ — k then there exists a y >sup(X) such that

F(xy,...,2n,y) = h(x1,...,2,) (21 < - <z € X).

We show that F witnesses P(Shy,(exp,,(k)),k,&T).
Assume indirectly that g : [exp,,(k)]" — K, t: kK — Kk are some functions
with the property that if ¢ <--- <z, and

i=g(xo,. .., xn-1) =g(x1,...,29)
then F(xq,...,zy,)#t(i).
Define the functions g,...,g1 as follows. g,(x1,...,2,)=g(21,...,2,). If

gn—i+1 is already defined, set
gn—i(@ig1s - @n) = {Gn—is1(Ti, Tit1, .., Tn) 1 T < Tiga} € P'(k),

where, as usual, P(Y) is the power set of Y. Notice that the range of g; has
at most exp,,_,; (k) elements.

In what follows we are going to construct elements % for some sequences
@ = (a,...,ap) of ordinals. If @ is longer, @ = (ay,..., ) with j <i our

understanding is that x?:x? where 8= (a;,...,ap).
Choose the elements {22 :a<exp,,_;(k)} in such a way that

{1(zy) r o < exp,_q(k)} = {g1(y) : @ < exp,(k)}.

If @ = (Qit1,...,0) and the string T = (22,,,...,27) are determined,
select the elements {z;""“:q; <exp,_;(k)} in such a way that

i

{gn—i+1(a77,T) s a < exp;_1(k)} = {gn—i+1(2,Z) 1 & < 2, }.

Put
X ={zf:1<i<nq <exp;_q(r)}

a set of cardinal exp,,_; (k). Define h on X with
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By our assumption on F' there is an element y > sup(X) such that for

every string @ we have F(x§,...,2%,y)=h(zF,...,z%).
To conclude, we argue as follows.
There is some 22 that g1 (z5")=g1(y).
There is some x, """ that g1 (2" 7", 28n) = g1 (29, y).
Continuing, we eventually get the string (z¢,...,2%) with
g(z,...,2%) = g(5,...,25,y).

And then
F(x?v 7‘T§7 y) - h( iiv 71%) = t(g(xii7 71%))
a contradiction. |
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